Relativistic many-body perturbation theory is applied to studying the properties of singly ionized ytterbium, Yb + . Specifically, energies of the ͓Xe͔4f 14 ns 1/2 , ͓Xe͔4f 14 np j , and ͓Xe͔4f 14 nd j ͑n Յ 9͒ are calculated through third order. Reduced matrix elements, oscillator strengths, and transition rates are determined for electricdipole transitions including the 6s, 7s, 8s, 6p, 7p, 5d, and 6d states. Lifetime values are determined for the 6p states. Electric-dipole ͑6s 1/2 − np j , n =6-12͒ matrix elements are calculated to obtain the ground-state E1 polarizability. The hyperfine A values are determined for the low-lying levels up to n =7 of 
I. INTRODUCTION
We report results of ab initio calculations of excitation energies, lifetimes, hyperfine constants, and polarizabilities in singly ionized ytterbium. These properties of Yb II are of interest for many applications. Recently, manipulation and detection of a trapped Yb + hyperfine qubit were presented in ͓1͔, demonstrating the possibility of using the trapped ytterbium ions as quantum bits for quantum information processing. It was underlined ͓1͔ that the ytterbium Yb + ion is especially attractive because of the strong 2 S 1/2 ↔ 2 P 1/2 electronic transition near 369.53 nm that is suitable for use with optical fibers, making schemes that require the coupling of atomic ͑hyperfine͒ qubits to photonic ͑optical͒ qubits feasible. Frequency shift of hyperfine transitions in Yb + due to blackbody radiation was recently investigated in ͓2͔. These transitions play key roles in microwave frequency standards. The calculations are used in finding the frequency shifts due to blackbody radiation which are needed for accurate frequency measurements and improvements of the limits on variation in the fine-structure constant ␣ ͓2͔. Previously, ytterbium ion has been studied in a number of experimental ͓4-27͔ and theoretical ͓28-35͔ papers. The beam-foil technique was used by Andersen et al. ͓6͔ to determine the 4f 14 6p 1/2,3/2 radiative lifetimes in Yb + with 10% accuracy ͑the lifetimes were determined to be 6.9Ϯ 0.6 ns and 7.2Ϯ 0.8 ns, respectively͒ ͓6͔. The laser-induced fluorescence method ͓14͔ yielded most accurate values for the 4f 14 6p 1/2,3/2 radiative lifetimes in Yb + ͑8.0Ϯ 0.2 ns and 6.3Ϯ 0.3 ns͒. Beam-laser measurements ͓23͔ of the lifetimes of the 4f 14 6p 1/2,3/2 levels in Yb II were in good agreement with the previous experiment ͓14͔ but show a significant improvement in precision ͑8.07Ϯ 0.09 ns and 6.15Ϯ 0.09 ns͒. The 4f 14 7s 1/2 lifetime was measured using the time-resolved laser spectroscopy by Li et al. ͓24͔ . Radiative lifetimes, measured by time-resolved laser-induced fluorescence spectroscopy, were reported by Biémont et al. ͓26͔ for the 4f 14 6d j , 4f 14 7d j , and 4f 14 8s 1/2 states of singly ionized ytterbium. Free Yb + ions were produced in a laser-induced plasma. The experimental results were compared with Hartree-Fock ͑HFR͒ calculations, taking core-polarization effects into account, and a good agreement ͑within 25%͒ between theory and experiment was observed for four levels ͓26͔. Lifetime measurements of the 4f 14 5d 3/2,5/2 metastable states using single ytterbium ions confined in a radio frequency ͑rf͒ trap were reported by Yu and Maleki ͓25͔. Authors underlined that the obtained lifetimes for the 4f 14 5d 3/2,5/2 states, 52.7Ϯ 2.4 ms and 7.0Ϯ 0.4 ms, were in good agreement with previously measured values but differ significantly from theoretical estimates. Investigation of the 4f 14 ͓6s 1/2 -5d 5/2 ͔ clock transition in a single ytterbium ion was previously presented by Taylor et al. ͓21͔ . A single ion of 172 
Yb
+ was confined in an electrodynamic ͑Paul͒ trap. The lifetime of the 4f 14 5d 5/2 level was found to be 7.02Ϯ 0.3 ms, which was explained ͓21͔ by two decay channels: 4f 14 ͓6s 1/2 -5d 5/2 ͔ and 4f 13 6s 2 2 F 7/2 -4f 14 5d 5/2 . The branching ratio for decay into the 2 F 7/2 level was measured and found to be 0.83Ϯ 0.03 ͓21͔.
Ultrahigh-resolution microwave spectroscopy on trapped 2 odd configurations. The calculations included configuration interactions between all configurations of the same parity of the above set. In this work ͓29͔, Slater integrals were first computed ab initio using a pseudorelativistic Hartree-Fock method and subsequently adjusted by means of a leastsquares optimization routine which minimizes the discrepancies between observed and computed levels ͓29͔. Oscillator strengths and lifetime values in Yb II were presented by Bié-mont et al. ͓32͔ . These properties were calculated within the framework of a pseudorelativistic HFR approximation combined with a least-squares fitting of the calculated eigenvalues to the observed energy levels. A considerable amount of configuration interaction together with core-polarization effects has been included in the calculations. The quality of the HFR results has been assessed through a comparison with data obtained using the completely independent relativistic quantum-defect orbital ͑RQDO͒ method ͓32͔. Relativistic coupled-cluster method ͑CCM͒ was applied recently by Nayak and Chaudhuria ͓35͔ to compute the low-lying excited states of ytterbium ion. The energies were given for the 4f 14 5d j and 4f 14 6p j states, magnetic-dipole ͑A͒ constants were obtained for the 4f 14 6s j and 4f 14 6p j states, and dipole matrix elements were presented for two s -p transitions ͓35͔.
In present paper, we calculate atomic properties of singly ionized ytterbium. First-, second-, and third-order Coulomb energies, and first-and second-order Coulomb-Breit energies are calculated. Reduced matrix elements, oscillator strengths, and transition rates are determined for levels up to ns =6-8, np =6-7, and nd =5-6. Electric-dipole ͑6s 1/2 − np j , n =6-26͒ matrix elements are calculated to obtain the ground-state E1 polarizabilities. We investigate the hyperfine structure in 171 Yb II. The hyperfine A values are determined for the first low-lying levels up to n = 7. The quadratic Stark effect on hyperfine structure levels of 171 Yb II ground state is investigated. The calculated shift for the ͑F =1, M =0͒ ↔ ͑F =0, M =0͒ transition is −0.1796 Hz/ ͑kV/ cm͒ 2 , in agreement with previous theoretical result −0.171Ϯ 0.009 Hz/ ͑kV/ cm͒ 2 .
II. CALCULATIONS OF ENERGIES
Results of our third-order calculation of energies, which was carried out following the pattern described in ͓37-40͔, are summarized in Table I Since the Lamb shift contribution is small in our calculations, the accuracy of our approach is sufficient.
We find that correlation corrections to energies in Yb + are large, especially for the 6s and 5d states. For example, E ͑2͒ is 9% of E ͑0͒ , and E ͑3͒ is 12% of E ͑2͒ for the 6s 1/2 state. These ratios decrease for the other ͑less penetrating͒ states. Despite the slow convergence of the perturbation expansion, the 6s energy from the present second-order ͑␦E ͑2͒ ͒ and third-order relativistic many-body perturbation theory ͑RMBPT͒ ͑␦E ͑3͒ ͒ calculations is within 0.9% and 0.1% of NIST data ͓36͔, respectively.
Below, we describe a few numerical details of the calculation of Yb + . We use B-spline methods ͓48͔ to generate a complete set of basis Dirac-Fock ͑DF͒ wave functions for use in the evaluation of RMBPT expressions. We use 70 splines of order k = 9 for each angular momentum. The basis orbitals are constrained to a cavity of radius of 200 a.u. The cavity radius is large enough to accommodate all nl j orbitals considered here and small enough that 70 splines can approximate inner-shell DF wave functions with good precision. We use 65 out of 70 basis orbitals for each partial wave in our third-order energy calculations since contribution of the ten highest-energy orbitals is negligible. The secondorder calculation includes partial waves up to l max = 8 and is extrapolated to account for contributions from higher partial waves. A lower number of partial waves, l max = 6, is used in the third-order calculation. We find that the contribution to the third-order energy from states with l Ͼ 6 is no more than 10 and 20 cm −1 for 6s and 5d 3/2 states, respectively.
III. ELECTRIC-DIPOLE MATRIX ELEMENTS, TRANSITION RATES, AND LIFETIMES IN Yb II ION

A. Electric-dipole matrix elements
The calculation of the transition matrix elements provides another test of the quality of atomic-structure calculations and another measure of the size of correlation corrections. Reduced electric-dipole matrix elements between low-lying states of Yb II calculated in various approximations are presented in Table II. Our calculations of the reduced matrix elements in the lowest, second, and third orders were carried out following the pattern described in Refs. ͓49,50͔. The lowest-order DF values for transitions between valence v and w states ͑la-beled as Z vw ͑DF͒ ͒ are given in the third column of 
We include the corresponding set of the high-order contributions using the well-known random-phase approximation ͑RPA͒ in Z ͑RPA͒ term using the procedure described in Ref. Table II are obtained using length form of the matrix elements.
B. Form-independent third-order transition amplitudes
We calculate electric-dipole reduced matrix elements using the form-independent third-order perturbation theory developed by Savukov and Johnson in Ref. ͓51͔ . Previously, a good precision of this method has been demonstrated for alkali-metal atoms. In this method, form-dependent "bare" amplitudes are replaced with form-independent randomphase approximation ͑"dressed"͒ amplitudes to obtain formindependent third-order amplitudes to some degree of accu- racy. As in the case of the third-order energy calculation, a limited number of partial waves with l max Ͻ 7 is included. This restriction is not very important for ions considered here because third-order energy correction is smaller than the second-order energy correction but it gives rise to some loss of gauge invariance. The gauge independence serves as an additional check that no numerical problems occurred. Length and velocity-form matrix elements from DF, second-order RPA, and third-order calculations are given in Table III for the limited number of transitions in Yb II. The Z ͑DF͒ values differ in L and V forms by 1%-5% for the p -s and s -p transitions except for the 6s -7p j transitions with L − V difference equal to 36% ͑j =1/ 2͒ and 16% ͑j =3/ 2͒. The largest L − V difference ͑a factor of 100͒ is for the 5d 3/2 -6p 3/2 transitions. The Z ͑DF͒ values in L and V forms have different signs for this transition ͑see columns with the Z ͑DF͒ heading in Table III͒ . The second-order RPA contribution completely removes this difference in L − V values, and the L and V columns with the Z ͑DF+2͒ headings are almost identical. There are, however, small L − V differences ͑0.01%-1%͒ in the third-order matrix elements. These remaining small differences can be explained by limitation in the number of partial waves taken into account in the evaluations of the third-order matrix elements.
C. Transition rates in Yb II ion
Wavelengths and transition rates A r in Yb II calculated using third-order RMBPT are presented in Table IV . Two results of our RMBPT calculations are given in Table IV Tables II and  III . Additionally, we presented the DF transition rate evaluated using the Z ͑DF͒ values. In all transition rate results given in columns with headings "DF," "RMBPT a ," and "RMBPT b ," we use recommended NIST energy values ͓36͔ shown in the third column of Table IV. Two results of our RMBPT calculations given in Table IV Hartree-Fock method and subsequently adjusted by means of a least-squares optimization routine which minimizes the discrepancies between observed and computed levels. The oscillator strengths and transition rates in Ref. ͓32͔ were calculated within the framework of a pseudorelativistic HFR approximation combined with a least-squares fitting of the calculated eigenvalues to the observed energy levels.
The pseudorelativistic Hartree-Fock method was used in Refs. ͓29,32͔. One can see from Table IV that there is relatively small disagreement ͑about 10%-20%͒ between the values of Refs. ͓29,32͔ for most of transitions except for the 6s -7p 3/2 transition ͑for which the results differ by a factor of 4͒. We already mentioned previously about the need for careful treatment of the RPA contribution for this transition. The values obtained by various approaches differed by a factor of two to ten for the 6s -7p 3/2 transition as illustrated in Table  IV If we were to evaluate the lifetimes using A r values presented in Table IV , the results would be complete only for the 6p 1/2 and 6p 3/2 levels. Core excited states have to be considered to evaluate lifetimes for any other states except lowest-lying metastable state 5d 3/2 ͑see, for example, ͓32͔͒. Only two transitions ͑6s -6p 1/2 and 5d 3/2 -6p 1/2 ͒ contribute to the lifetime value of the 6p 1/2 state and the three transitions ͑6s -6p 3/2 , 5d 3/2 -6p 3/2 , and 5d 5/2 -6p 3/2 ͒ contribute to the lifetime value of the 6p 3/2 state. We see from Table IV that the main contributions to the lifetime of these states ͑99%͒ come from the 6s -6p 1/2 and 6s -6p 3/2 transitions, respectively. We already mentioned that the main contributions to the lifetime of the 6p 1/2 and 6p 3/2 states come from the 6s -6p 1/2 and 6s -6p 3/2 transitions. Using the A r values for these transitions obtained by Migdalek ͓28͔ ͑values 1.46 ͓8͔ and 2.06 ͓8͔, last column of Table IV͒, we find the corresponding lifetimes to be 6.85 ns ͑6p 1/2 state͒ and 4.85 ns ͑6p 3/2 state͒ which is in excellent agreement with our RMBPT results. The many-body perturbation theory ͑MBPT͒ approximation was used in Ref. ͓14͔ to calculate the 6s -6p 1/2 and 6s -6p 3/2 matrix elements. Estimated lifetimes of the 6p 1/2 and 6p 3/2 state were equal to 7.0 and 5.0 ns, respectively ͓14͔. Recently, relativistic coupled-cluster method was applied to compute the 6s -6p 1/2 and 6s -6p 3/2 matrix elements ͓35͔. It yielded the values 2.781 and 3.914 a.u. for the 6s -6p 1/2 and 6s -6p 3/2 matrix elements, respectively. These results correspond to the 6.44 and 4.59 ns values for the lifetimes of the 6p 1/2 and 6p 3/2 states. These results are even smaller than our RMBPT lifetime values given in the first two lines of Table  V .
IV. GROUND STATE STATIC POLARIZABILITIES FOR Yb II IONS
The calculation of the ground-state polarizabilities of Yb II ion provides another test of the quality of atomic-structure calculations and another measure of the size of correlation corrections. The static polarizability of Yb II ion is the sum of the polarizability of the ionic core ␣ c , a counter term ␣ vc compensating for excitation from the core to the valence shell which violates the Pauli principle, and a valence electron contribution ␣ v ͑see, for example, Refs. ͓52,53͔͒,
We calculate ␣ c in the relativistic RPA approximation ͑see Johnson et al. ͓54͔ for details͒. 
The calculation of the ␣ v is divided into two parts,
We take k to be 12 in our calculations for Yb II. The values of ␣ v main are calculated using RMBPT values of dipole matrix elements Z v,nlj ͑values Z L ͑DF+2+3͒ given in Table III͒ and experimental energies ͑or RMBPT energies, when we did not find experimental data͒. We use DF values to calculate ␣ v tail . We use also DF values to calculate ␣ vc given by Eq. ͑3͒.
Our numerical results are given in Table VI . The main contribution comes from the first term ␣ v main ͑6p͒, the second and third term ͓␣ v main ͑7p͒ + ␣ v main ͑8p͔͒ contributions are equal to 1%, and all other ͑n =9-12͒ terms give only 0.1%. Static dipole polarizability of Yb + was calculated by Migdalek ͓28͔ using the core-polarization-corrected oscillator strengths. Three types of computation have been performed. In the first type ͑RMP͒, core polarization was completely neglected. The next two types include core polarization but differ in the value of the Yb 2+ core polarizability ͑CP͒, which was equal to 7.36a 0 3 and 11.14a 0 3 for RMP+ CPIa and RMP+ CPIIb approximations, respectively. The core-polarization-corrected oscillator strength calculations produced the values equal to 54.48a 0 3 ͑RMP+ CPIa͒ and 48. Calculation of hyperfine constants follows the same pattern as the calculations of the reduced dipole matrix elements described in the previous section. The magnetic moments and nuclear spins used in present calculations are taken from ͓55͔. In Table VII ͓16͔͒ and experimental measurement is found to be for the 6p 3/2 level ͓13͔. We see no explanation for this disagreement, as the correlation corrections do not appear to be significantly larger for this level than for the others.
Finally, we would like to demonstrate the dependence of the A ͑DF+2+3͒ ͑nlj͒ hyperfine constants on principal quantum number n. In Fig. 1 , we present our A ͑DF+2+3͒ ͑nlj͒ values for the ns 1/2 , np 1/2 , and np 3/2 levels with n = 6 -15. One can see smooth n dependence of the A ͑DF+2+3͒ ͑nlj͒ values as additional check of our calculations. The quadratic Stark shift is closely related to the blackbody radiation shift discussed, for example, in Refs. ͓56,57͔ and our calculation follows the procedure outlined in ͓57͔.
The dominant second-order contribution to the polarizability difference between the two hyperfine components of the 6s state cancels and, therefore, the Stark shift of the hyperfine interval is governed by the third-order F-dependent polarizability ␣ F ͑3͒ ͑0͒. The expression for the ␣ F ͑3͒ ͑0͒ has been given in ͓56͔,
where g I is the nuclear gyromagnetic ratio, n is the nuclear magneton equal to 0.4919 B in
171
Yb II, I =1/ 2 is the nuclear spin, and j v =1/ 2 is the total angular momentum of the atomic ground state. The F-independent sums for T, C, and R ͉͑v͘ϵ͉6s 1/2 ͒͘ are given by Eqs. ͑5͒-͑7͒ by Beloy et al.
͓56͔.
We note first that the values of T, C, and R in atomic units are 
͑7͒
in the DF approximation. Since the value of C DF is smaller than the T DF and R DF by two orders of magnitude, we did not recalculate the C term using the third-order RMBPT.
The expression for R is similar to the one for ␣ E1 ͑0͒ ͓compare Eqs. ͑3͒ and ͑4͒ and expression for R in ͓56͔͔. The difference is an additional factor containing the diagonal hyperfine matrix element, ͗6s 1/2 ͉͉T͉͉6s 1/2 ͘ ͑DF+2+3͒ = 2.4922 ϫ 10 −6 a.u..
We evaluate matrix elements ͗v͉͉rC 1 ͉͉n͘ in the third-order RMBPT approximation for n Յ 12. We use recommended NIST energies ͓36͔ for np =6p and 7p, and the third-order RMBPT energies for 8 Յ n Յ 12. The sum of the terms for n Յ 12 is R nՅ12 = 1.5096ϫ 10 −3 . The remainder of the sum, evaluated in the DF approximation, R nϾ12 = 4.3ϫ 10 −7 , leads to R ͑DF+2+3͒ = 1.5100ϫ 10 −3 . The expression for T includes sums over two indices m and n. To calculate the dominant part of T, we limit sum over m to six states ͑m =6p 1/2 , 6p 3/2 , 7p 1/2 , and 7p 3/2 ͒ and sum over n to n Յ 26, The sum of the four contributions from Eq. ͑8͒ is 5.8098ϫ 10 −4 . The ratio of contributions to the sum from the 6p and 7p states is equal to 50; therefore the sum over m converges very rapidly. The relatively small remainder T − T mϾ7 nϾ26 = 0.0056ϫ 10 −4 is evaluated in the DF approximation, leading to a final value T ͑DF+2+3͒ = 5.8154ϫ 10 −4 . Combining these contributions, we obtain 2T DF+2+3 + C DF + R DF+2+3 = 2.6959 ϫ 10 −3 a.u. ͑9͒
The F-dependent factor ͓see Eq. ͑6͔͒, In the DF approximation ͓Eq. ͑7͔͒, we find k ͑DF͒ = −2.1332 ϫ 10 −11 Hz/ ͑V / m͒ 2 . The relative blackbody radiative shift ␤ is defined as
where hf is the 171 Yb + hyperfine ͑F = 1 and F =0͒ splitting equal to 12 645 MHz and T is a temperature taken to be 300 K. Using those factors, we can rewrite Eq. ͑10͒ as ␤ = − 6.810 ϫ 10 −13 ⌬␣ hf ͑6s 1/2 ͒. ͑11͒
Using the value for ⌬␣ hf ͑6s 1/2 ͒ = 1.4437ϫ 10 −3 a.u., we obtain finally ␤ ͑DF+2+3͒ = − 0.983 ϫ 10 −15 . ͑12͒
In Table VIII , we compare our results for the Stark shift coefficient k and the relative blackbody radiative shift ␤ with theoretical calculations from Ref. ͓2͔ . Our results and those of ͓2͔ are obtained using ab initio approaches. In both calculations, the RMBPT method was used; however, different methods were used to calculate matrix elements. Good agreement of both results should be useful for future experiments.
VII. CONCLUSION
In summary, a systematic RMBPT study of the energies of the ns 1/2 , np j , nd j , and nf j ͑n Յ 8͒ states in singly ionized ytterbium is presented. The energy values are in good agreement with existing experimental data. A systematic relativistic MBPT study of reduced matrix elements and transition rates for electric-dipole transitions which includes the 6s, 7s, 8s, 6p, 7p, 5d, and 6d states is conducted. Lifetime values are determined for the 6p states. Electric-dipole ͑6s 1/2 − np j , n =6-12͒ matrix elements are calculated to obtain the ground-state E1 polarizabilities. All of the above-mentioned matrix elements are determined using the third-order RMBPT method. Hyperfine A values are presented for the first low-lying levels up to n = 7. The quadratic Stark shift of the ground-state hyperfine interval in 171 Yb II is also evaluated and compared with other available results. 
